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We show that the modulation of the hopping amplitudes in the honeycomb lattice of the monolayer
graphene uniquely defines a metric which corresponds to the shape of the Dirac cone near the
Dirac points. The spin connection derived from this effective metric field agrees exactly with the
microscopic tight-binding Hamiltonian. The paradoxical mismatch between the quantum field theory
(QFT) approach and the microscopic tight binding model in the literature is resolved. The effective
metric as seen by the sublattice pseudospin is different from the real space metric as defined by the
two-dimensional manifold of the graphene monolayer. All relevant terms of the effective gauge field
from the microscopic model is calculated exactly for a unimodular effective metric.
PACS numbers: 73.43.Lp, 71.10.Pm
The massless Dirac spectrum of the monolayer
graphene sheet leads to many interesting properties[1–
3] in the long wavelength limit, where the sublattice
pseudospin structure of the continuous model is analo-
gous to that of the real spin of massless Dirac fermions
moving in a two-dimensional manifold. For condensed
matter systems without Lorentz invariance, a free spin
1/2 Dirac fermion moving in a curved space responds
to the external electromagnetic field and the curvature
of the space via both U(1) and SU(2) local gauge in-
variance: the spinor couples to both the electromagnetic
vector potential and the spin connection. Given the sub-
lattice spinor structure of the graphene effective Hamil-
tonian, one would expect analogous geometric descrip-
tion in the form of effective gauge fields generated by
the external perturbation to the lattice structure of the
graphene sheet[4].
There have been extensive efforts in modeling the
strain and ripples of the monolayer graphene sheet in
the form of the effective gauge fields, both from a mi-
croscopic point of view[5–9] and from the quantum field
theoretical(QFT) approach used in treating Dirac spinors
moving in a curved space[4, 10–12]. The Landau lev-
els from the effective gauge fields were also observed
experimentally[13]. With the QFT approach, it is argued
that the metric from either the two-dimensional manifold
of graphene sheet or from the in-plane strain field intro-
duces a spin connection that couples to the sublattice
pseudospin. While the Dirac spectrum is robust against
such ripples and strain field as long as the two Dirac
cones from inequivalent points in the Brillouin zone do
not merge[14], the microscopic origins of such a spin con-
nection is still not clear. This is understandable, since a
real spin couples to the real space spin connection due to
its transformation property under rotations in real space.
The situation with a pseudospin travelling in a curved
space is more subtle. Recent calculations show that the
QFT approach agrees with the microscopic description
only up to a model dependent parameter, with the low-
est order approximation of the metric deformation[10].
One would expect the spin connection can be derived ex-
actly from the microscopic theory when the appropriate
metric for the sublattice pseudospin is used in the QFT
description.
Thus it has not been not clear if the effective gauge
field from the microscopic hopping parameter modula-
tion can really be interpreted as some form of the spin
connection that couples to the pseudospin of the mass-
less Dirac fermions in graphene. In this Letter, we show
that the answer is yes, and the spin connection that cou-
ples to the sublattice pseudospin should not be derived
directly from the metric of the two-dimensional mani-
fold as defined by the lattice structure of the graphene
sheet in the real space. Instead, it should be derived from
the metric defined by the shape of the Dirac cone in the
momentum space. This effective metric can be calculated
microscopically from the lattice model, when the hopping
amplitudes of the nearest neighbours in the honeycomb
lattice are modified either by the ripples or by the in-
plane strains. Our results show that the spin connection
is subleading in the long wavelength as expected. The
microscopic calculation derives the exact spin connection
corresponding to the Dirac cone metric, up to any order
of the metric deformation and without any model depen-
dent parameters. The spatial dependence of the fermi
velocity, as well as terms in the effective gauge field in-
dependent of the Gaussian curvature of the Dirac cone
metric, are also exactly calculated.
We start with the most general tight-binding model
with the nearest neighbour hopping between site A and
site B:
H = −
∑
~x,i
(t+ δti,~x) c
†
A(~x)cB(~x+ ~ri) + h.c. (1)
Here ~x is the vector of the Bravais lattice, and t ∼ 2.7eV
is the hopping amplitude of the ideal isotropic honeycomb
lattice, whereby δti,~x is the modulation to the hopping
amplitude that depends on ~x and the indices of the three
nearest neighbour vectors given by
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2where a is the lattice constant. The two inequivalent
Dirac points in the momentum space from the isotropic
lattice is given by ~K, ~K ′ = (±4pi/(3a), 0). Without loss
of generality we now focus only on the low-energy states
around ~K. One can transform Eq.(1) into the momentum
space and do the long wavelength expansion around ~K,
keeping only terms linear in ~k, where ~k is the momentum
measured from ~K. Transforming the Hamiltonian back
to the real space, one has H˜ = ∑~x Ψ†(~x)h(~x)Ψ(~x), with
Ψ(~x) = (cA(~x), cB(~x))
>
. For h(~x) it is actually useful to
define
s1 =
1
3t
(δt1,~x + δt2,~x + δt3,~x) + 1 (3)
s2 =
1
3t
(
δt1,~x − 1
2
(δt2,~x + δt3,~x)
)
(4)
s3 =
1
2
√
3t
(δt2,~x − δt3,~x) (5)
where the spatial dependence of si is omitted to clean up
the notations. In this new set of “coordinates” we have
h(~x) = vF
(
0 Q(~x)
Q∗(~x) 0
)
with
Q(~x) = (s1 − s2 + is3)Px + i (s1 + s2 − is3)Py
+
1
2
(∂ys1 + ∂ys2 + ∂xs3 − i∂xs1 + i∂xs2 − i∂ys3)
− 3t
vF
(s2 + is3) +O(P
2
a ) (6)
where Pa = −i~ ∂∂a is the momentum operator, a = x, y.
The Fermi velocity is vF =
√
3
2 at and O(P
2
a ) contains
higher derivatives. The first lines of Eq.(6) clearly de-
fines a spatially dependent effective fermi velocity v˜F (~x)
and an effective unimodular metric g˜ab(~x) with det g˜ = 1
that defines the shape of the Dirac cone. The second line
of Eq.(6) comes from the requirement that h(~x) is Her-
mitian, and the third line is the well-known vector po-
tential that contains no derivatives, describing the shift
of the Dirac points in the momentum space. With some
straightforward algebra we obtain
v˜F (~x) = vF g(~x)
1
4 (7)
g˜xx(~x) =
(
s21 + s
2
2 + s
2
3 − 2s1s2
)
g(~x)−
1
2 (8)
g˜yy(~x) =
(
s21 + s
2
2 + s
2
3 + 2s1s2
)
g(~x)−
1
2 (9)
g˜xy(~x) = g˜yx(~x) = 2s1s3g(~x)
− 12 (10)
where g(~x) =
(
s21 − s22 − s23
)2
is the determinant of the
metric of the Dirac cone. Incidentally, the coordination of
the carbon atoms in a honeycomb lattice is three, provid-
ing just enough degrees of freedom for the parametriza-
tion of a general metric in a two-dimensional manifold;
the three degrees of freedom are dilatation, squeezing and
rotation respectively(see Fig.1).
If the modulation of the hopping amplitude comes
from a strain field that changes the relative positions
b
a
c
K’
K
FIG. 1. (Color Online) a). The schematic drawing of a natu-
rally occuring monolayer graphene sheet with ripples[4]. The
Dirac fermion is a 1/2 pseudospin with the direction of the
spin locked with respect to the direction of its momentum.
The rotation of the pseudospin necessarily involves the rota-
tion of its momentum vector. b). The honeycomb lattice in
the real space, where the nearest neighbour hopping ampli-
tudes are modified by δt1, δt2, δt3 in different directions. c).
The two physical effects of the hopping amplitude modifica-
tion are the shift of the Dirac cone in the momentum space
and the deformation and dilation of the shape of the Dirac
cone. The background honeycomb lattice is the Brillouin zone
of the unperturbed graphene monolayer, which serves as the
reference. The shift, dilation and deformation can be calcu-
lated from a uniform modification of the hopping amplitude,
which is locally valid as long as the modulation of the hopping
amplitude modification varies slowly across the real space.
between carbon atoms, an additional parameter β =
|∂ log t/∂ log a| is introduced[3, 14], together with a strain
tensor uab = (∂aub + ∂bua + ∂ah∂bh) /2, where ua are
the in-plane displacement from the equilibrium point,
and h is the out-of-plane displacement[15]. The strain
tensor defines the metric of the graphene manifold in
the real space gsab = ηab + 2uab, where ηab is the iden-
tity matrix corresponding to a flat and isotropic met-
ric. This metric is, however, different from the Dirac
cone metric in the momentum space. Here it suffices to
ignore the inhomogeneity of the strain tensor, and the
modulation of the hopping amplitude is given by s1 =
1−β (uxx + uyy) /6, s2 = β(uxx−uyy)/12, s3 = −βuxy/6;
thus in terms of the strain tensor the Dirac cone metric
is given by
g(~x)
1
2 g˜xx = 1− 1
2
βuxx − 1
6
βuyy +O(u
2
ab) (11)
g(~x)
1
2 g˜yy = 1− 1
6
βuxx − 1
2
βuyy +O(u
2
ab) (12)
g(~x)
1
2 g˜xy = −1
3
βuxy +O(u
2
ab) (13)
which is manifestedly different from gsab, as the latter
is insensitive to the underlying lattice structure (and in
particular β). Thus when the two-dimensional manifold
of the graphene sheet is defined by the surface geometry
3of the substrate on which the graphene sheet is rested,
the effective metric seen by the sublattice pseudospin is
actually different from that of the graphene sheet in the
real space itself.
We now show that g(~x)
1
2 g˜ab(~x) is the physically rel-
evant metric for the pseudospin, instead of gsab(~x) as
defined from the strain tensor. The unimodular met-
ric g˜ab is expressed in terms of the complex vector
ω˜a, with g˜ab(~x) =
(
ω˜a∗ω˜b + ω˜aω˜b∗
)
/2, and ω˜a =
−iabω˜b, ω˜a∗ω˜a/2 = 1. Here the Einstein summation con-
vention is implied, ab is the antisymmetrization tensor,
and a = x, y is the spatial index. Both the spin connec-
tion Ωa and the Gaussian curvature K can be compactly
expressed as[16]
Ωa(~x) = 
bcω˜∗c∂aω˜b −
1
2
bc∂bg˜ac (14)
K(~x) = ab∂aΩb(~x)
=
1
8
ef acg˜bd (∂eg˜ab) (∂f g˜cd)− 1
2
∂a∂bg˜
ab (15)
To compare Eq.(14) with the effective gauge field from
the microscopic model in Eq.(6), we just need to rewrite
h(~x) with Eq.(6) to make the minimal coupling of the
effective gauge field explicit:
h(~x) = v˜F
(
0 ω˜a(~x) (Pa +Aa(~x))
c.c 0
)
(16)
Here c.c is the complex conjugate. The algebra is
straightforward and we obtain the main result of this
paper:
Aa(~x) = 2
√
3
a
A0a(~x) +
1
2
Ωa(~x) (17)
The effective gauge field in Eq.(17) thus has two parts.
The first term is the well-known vector potential that
leads to a pseudo-magnetic field. The factor of 1/2
in front of the spin connection in the second term re-
flects the coupling of the 1/2 sublattice pseudospin to
the Gaussian curvature of the metric field as defined by
the shape of the Dirac cone; it is thus the property of the
quasiparticles at the Fermi surface.
To analytically show that Eq.(17) can be derived from
the microscopic model, it is sufficient to outline the
derivation here for the special case where g(~x) = 1. Note
Eq.(16) and Eq.(17), thus the main result of this work,
holds for the general case when there is a dilation of
the Dirac cone metric, which modifies the Fermi velocity.
The special case with the constraint s21 = s
2
2 + s
2
3 + 1
only serves to make the derivation simpler; general-
ization to a general Dirac cone metric is straightfor-
ward though rather tedious. By taking v˜F = vF in
Eq.(8)∼Eq.(10), the second term in Eq.(14) can be eas-
ily calculated from Eq.(6). For the first term in Eq.(14),
one way to calculate it is to write ω˜x = cosh θe
iφ +
sinh θe−iφ, ω˜y = i cosh θeiφ − i sinh θe−iφ, where θ and
φ parametrizes the squeezing and rotation of the metric
g˜ab. This gives cosh 2θ = 1+2
(
s22 + s
2
3
)
, sinh 2θ cos 2φ =
2s1s2, sinh 2θ sin 2φ = 2s1s3. Explicitly the spin connec-
tion is given by
Ωx(~x) = s2∂xs3 − s3∂xs2 + s1 (∂xs3 + ∂ys2)
+
s3
s1
(s2∂xs2 + s3∂xs3)
+
(
2 +
s2
s1
)
(s2∂ys2 + s3∂ys3) (18)
Ωy(~x) = s2∂ys3 − s3∂ys2 + s1 (∂xs2 − ∂ys3)
+
(
s2
s1
− 2
)
(s2∂xs2 + s3∂xs3)
−s3
s1
(s2∂ys2 + s3∂ys3) (19)
One can also show that the leading effect of the pseudo-
vector potential is explicitly given by
A0x(~x) = s23 − s22 − s1s2 (20)
A0y(~x) = 2s2s3 − s1s3 (21)
In the long wavelength limit where |k|  1/a, the spin
connection is subleading, and the effective gauge field
is reduced to A0a(~x). Note in the linear approximation
s1 ∼ 1 and Eq.(20) and Eq.(21) are reduced to the pre-
viously calculated gauge field induced by the strain. The
terms higher in powers of si reflects the correction to the
shift of the position of the Dirac cone due to the variation
of the metric in the momentum space. We would like to
emphasize here Eq.(17)∼Eq.(21) are exact for any mod-
ulation of the hopping amplitude, as long as the massless
Dirac cones are robust.
With time-resersal symmetry, the effective metric
around the two valleys ~K ′ and ~K are identical, but
the effective gauge field will reserve its sign. For an
ideal honeycomb lattice the eigenstates at energy E =
±vF |k| are given by 1√2
(∓eiφk/2, e−iφk/2) around ~K and
1√
2
(±e−iφk/2, eiφk/2) around ~K ′, with tanφk = ky/kx.
It is well-known that the helicity in graphene is a good
quantum number[3]. The helicity operators at ~K and
~K ′ are paired by time-reversal symmetry with kx →
kx, ky → −ky. At the same energy, the time-reversal
symmetry does not reverse the direction of the pseu-
dospins around ~K and ~K ′ (in contrast to the real spin).
However, it does reverse the helicity, which has eigenval-
ues ±1/2 around the two valleys. It is thus more intuitive
to treat the helicity eigenvalue as the coupling constant
between the spinor and the spin connection.
The modulation of the nearest neighbour hopping
amplitudes thus generates an effective metric field
(Eq.(7)∼Eq.(10)) relating to the shape of the Dirac cone,
and a pseudo-magnetic field (Eq.(20)∼Eq.(21)) relating
to the shift of the Dirac point in the momentum space.
We take these two fields to be the same at both the val-
leys. There are two species of massless Dirac fermions
in the graphene sheet, one from each valley. The Dirac
4fermions from valley ~K has helicity +1/2 and a “val-
ley charge” 2
√
3/a that couples to the spin connection
and the pseudo-magnetic field respectively. The Dirac
fermions from valley ~K ′ is the time-reversal partner of
those from ~K, with helicity −1/2 and a “valley charge”
of −2√3/a. For graphene sheets with topological de-
fects such as pentagons and heptagons, these defects can
be treated as sources of positive (pentagons) or negative
(heptagons) gravity-like curvatures[4], which also couples
to the helicities of the Dirac fermions.
In the abstract “crystal frame” which is defined by
the equilibrium position of the atoms, the hopping am-
plitudes captures completely the physics of the in-plane
strain, height variation of the graphene sheet due to rip-
pling, as well as other geometric features like wrinkles
and conical singularities[19, 20]. It was also noted first
in[18] and later in[15], that when graphene is probed by
an external source, the “lab frame” has to be used, where
additional corrections arise from the deviation of the car-
bon atoms from their equilibrium position. While no
additional pseudo-magnetic field is generated in the lab
frame, both the fermi velocity and the effective metric is
modified. However, one would expect the physics of the
graphene sheets to be completely defined by the hopping
between the lattice sites; a numerical diagonalization of
the graphene systems does not need the information of
the real space positions of the carbon atoms. Thus while
this effect may have experimental ramifications, concep-
tually the physics remain the same. We defer detailed
analysis elsewhere, so as not to over-complicate the mes-
sage in this Letter.
Conclusion and discussion. we show that the treat-
ment of the quasiparticles as 1/2 pseudospins in mono-
layer graphene in the QFT covariant approach is exact,
if we identify the metric of the curved space perceived by
the pseudospin as the metric defined by the shape of the
Dirac cone, and the latter depends on the microscopic
details of the hopping amplitudes between the nearest
neighbours. This metric is manifestedly the property of
the quasiparticles at the fermi surface. The modification
of the hopping amplitude not only induces such an effec-
tive metric in the momentum space, but also induces a
pseudo-magnetic field that couples to the “valley charge”
of the quasiparticles. This pseudo-magnetic field shifts
the two inequivalent Dirac cones in opposite directions
due to time-reversal symmetry. The exact expression of
both the spin connection and the pseudo-magnetic field
are given in terms of the hopping amplitudes, and thus
can be easily calculated. The two species of fermions
from two the valleys at the fermi surface carry oppo-
site “valley charge” and helicity. When an external mag-
netic field is applied, the electric charge will be the third
coupling constant. The interplay between the “valley
charge” and the electric charge when both the pseudo-
magnetic field and the external magnetic field are present
has been studied in[21–24]; with a well-defined spin con-
nection the transport of the sublattice pseudospin in a
general two-dimensional manifold with or without bro-
ken time reversal symmetry can be fully characterized.
The shape of the Dirac cone in the momentum space,
and thus the effective Dirac cone metric, can be easily
measured experimentally when a uniform modification
of the hopping amplitude over the entire graphene sheet
is realized. On the other hand, the experimental mea-
surement of the effect of the spin connection is gener-
ally difficult. This is because of the subleading nature
of the spin connection; any modification in the trans-
port of the Dirac fermions is dominated by the leading
pseudo-magnetic field. Progress in the technologies of the
artificial honeycomb lattice[25], however, opens up the
possibilities of much more flexible modulation of the hop-
ping amplitudes on the microscopic scale, by the proper
engineering of the positioning of the lattice sites. One
can thus engineer the modulation such that the lead-
ing pseudo-magnetic field vanishes, while the pseudospin
coupling between the Dirac fermion and the Gaussian
curvature of the Dirac cone metric remains non-zero. One
should note that all the effects calculated in this work is
only valid in the long wavelength limit when the modu-
lation of each of the three hopping amplitudes over space
is small; nevertheless given the artificial lattice with van-
ishing pseudo-magnetic field, one can verify that the spin
connection calculated from the Dirac cone metric instead
of the real space metric should agree better with the ex-
perimental measurement.
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